The energy of a graph G, denoted by E(G), is defined to be the sum of absolute values of all eigenvalues of the adjacency matrix of G. Let G(n, l, p) denote the set of all unicyclic graphs on n vertices with girth and pendent vertices being l ( 3) and p ( 1), respectively. More recently, one of the present authors [H. Hua, On minimal energy of unicyclic graphs with prescribed girth and pendent vertices, Match 57 (2007) 351-361] determined the minimal-energy graph in G(n, l, p). In this work, we almost completely solve this problem, cf. Theorem 15. We characterize the graphs having minimal energy among all elements of G(n, p), the set of unicyclic graphs with n vertices and p pendent vertices. Exceptionally, for some values of n and p (see Theorem 15) we reduce the problem to finding the minimal-energy species to only two graphs.
Introduction
Let G be a connected graph with n vertices and let A(G) be its adjacency matrix. The characteristic polynomial φ(G; λ) of A(G) is defined as
where I is the unit matrix of order n. All n roots λ 1 , λ 2 , . . . , λ n of the equation φ(G; λ) = 0 are called to be eigenvalues of G. It is evident that each λ i (i = 1, 2, . . . , n) is real since A(G) is symmetric.
In chemistry, the (experimentally determined) heats of formation of conjugated hydrocarbons are closely related to total -electron energy. Within the framework of the so-called HMO model the total -electron energy is calculated from the eigenvalues of a pertinently constructed "molecular" graph G by the equation E(G) = n i=1 |λ i |. It's well known that E(G) can be expressed as the Coulson integral formula (see [3, 23] )
where a 0 , a 1 , . . . , a n are coefficients of characteristic polynomial φ(G; x) of G.
It is both interesting and significant to determine the graph with extremal energies among a given class of graphs. Numerous results on this subject have been put forward. For more details see [1] [2] [3] [4] [5] [6] [7] [8] [9] ; for some recent research along this line see [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . The interested reader may also refer to [23, 24] 
for the mathematical properties on E(G).
As usual, we begin with some notations and terminologies. By S n , C n and P n we denote respectively the star graph, the cycle graph and the path graph with n vertices. Let G(n, l, p) denote the set of unicyclic graphs on n vertices with girth and pendent vertices being l and p, respectively. We use G(n, p) to denote the set of unicyclic graphs with n vertices and p pendent vertices. Denote by C l n the set of unicyclic graphs obtained by attaching n − l pendent vertices to the cycle C l . Let S l n (n l + 1) be the graph obtained by identifying the center of the star S n−l+1 with any vertex of C l . Let P l n (n l + 1) be graph obtained by identifying one pendent vertex of the path P n−l+1 with any vertex of the cycle C l . By S l,p n (n l + p + 1) we denote the graph obtained by identifying one pendent vertex of the path P n−l−p+1 with one pendent vertex of S l l+p . Denote by R l,p n (n l + p + 1) the graph obtained by attaching p pendent edges to the pendent vertex of P l n−p . Fig. 1 depicted S l,p n and R l,p n , respectively. More recently, one of the present authors [19] determined the unicyclic graph with minimal energy in G(n, l, p). But the problem of determining the graph with minimal energy in G(n, p) is still open.
In this work, we almost completely solve this problem, cf. Theorem 15. The graphs having minimal energy are characterized among all elements of G(n, p). Exceptionally, for some values of n and p (see Theorem 15) we reduce the problem to finding the minimal-energy species to only two graphs. a b 
Graphs in G(n, p) with minimal energy
Our starting point is a long-known result due to Sachs [25] which states as follows:
where L i denotes the set of Sachs graphs with i vertices (namely, the graph with its component being either K 2 or a cycle), k(S) is number of components of S and c(S) is the number of cycles contained in S. By means of Lemma 2, Eq. (1) is now reduced to
It follows from (3) that E(G) is a monotonically increasing function of b i (G) for i = 0, 1, . . . , n. That is to say, for any two unicyclic graphs G 1 and G 2 , there exists
Proof. Recall that for any edge uv in ε(G), the set of edges of G, we have
where C uv denotes the set of cycles containing uv. One can easily obtain the desired result by equating the coefficients of x n−i on both sides of Eq. (5).
It is not difficult to prove the following result.
Lemma 5. Let G and G be two acyclic graphs. If G contains G as its subgraph, then m(
One of the present authors reported the following result in [19] . 
Case 1. l is even.
We classify this case further into two subcases. Subcase 1.1. l ≡ 0(mod 4).
By Lemma 4(a), we have
As S l,1 n and S
4,1
n are all bipartite, we have
Note that l 8 in this case. Combining Eqs. (6) and (7), we obtain
by Lemma 5. So, it derives from the above equality that
Note that
That is
Similarly, we have
which gives
From the combination of Eqs. (8)- (10) Note that l 6 in this case. Similar to the proof of Subcase 1.1, we omit here.
Recall that b 2k−l (P n−l ) = 0. Then by Eqs. (6) and (7), we have
n ) 0 by the above equality and Lemma 5, since P l−2 ∪ P n−l = P 1 ∪ P n−3 contains P n−4 as its proper subgraph.
Assume that l 5. Thus, we have
Once again by Lemma 5, we obtain
Combining the proofs of Cases 1 and 2, the lemma follows as expected.
The following result is reported in [9] by Zhou and Li. When p = 1, the statement is immediate from Lemma 7. Let t 2 and suppose the statement is true for the case when p < t. Now let p = t. Using Lemma 4(b), we obtain 
It can be easily seen that R
p+4 . Now we assume that n − p 5 and consider the following two cases.
n . So we may suppose that n − p 6. We proceed by induction on p.
n and the theorem is evidently true by Lemma 7.
Suppose the result holds for small values of p. In view of Lemma 4(b), we obtain
Consequently, we need only to prove that C n−p−1 S 
if n − p − 1 ≡ 0(mod 4);
if n − p − 1 / ≡ 0(mod 4) and
When n − p − 1 / ≡ 0(mod 4), by Eqs. (14) and (15) 
From the above two equalities we conclude that neither S In what follows we shall use one famous result from spectral graph theory [25] . It is well known that the eigenvalues of a graph G are not mutually independent and there exist some relations between them. One of such relations between eigenvalues holding for a bipartite graph is the paring theorem [25] :
Now we can state and prove the following:
Proof. Noting that both R 
Since the zero-eigenvalues play no role in computing the energy E(G) for a graph G, then
Now, equating Eqs. (16) and (19) , and comparing the coefficients deduce that
Next, we shall verify that E(S
i.e.
(ab
Recall that
So it suffices to prove that
which gives p < 865. This completes the proof.
The following lemma is due to Hou in [5] .
is the set of unicyclic graphs on n vertices with the length of cycle being l. 
n ) for all k 0. It is evident that there exists some k 0 such that Before proceeding any further, we state and prove the following claim: 
Combining the proof of the case that p = 1 and the above two equalities, we know that
So the claim holds for the case p = 2. Now, by Lemma 4(b), we obtain 
By induction assumption, we have
b 2k (S n−p n−1 ) − b 2k (S 4,p−1 n−1 ) m(P (n−3)−(p−1) ; k − 2) + m(P (n−4)−(p−1) ; k − 2) − m(P (n−5)−(p−1) ; k − 3) ± 2b 2k−(n−p) (K 1 ). Consequently, b 2k (S n−p n ) − b 2k (S 4,p n ) m(P (n−3)−(p−1) ; k − 2) + m(P (n−4)−(p−1) ; k − 2) − m(P (n − 5) − (p − 1) ; k − 3) ± 2b 2k − (n − p) (K 1 ) − m(P (n−5)−p ; k − 3) = m(P n−2−p ; k − 2) + m(P n − 3 − p ; k − 2) − m(P n − 4 − p ; k − 3) ± 2b 2k − (n − p) (K 1 ) − m(P (n−5)−p ; k − 3) = 2m
Remark 2.
When p = n − 5 and n 870, we fail to determine which of the two graphs R 4,p n or S 4,p n has smaller energy. It seems that the methods used in the existing literatures must be improved in order to fulfill this task. So it remains an open mathematical problem and is awaiting for a satisfactory solution.
